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Recent studies on superconductivity in NbSe2 have demonstrated a large anisotropy in the su-
perconducting critical field when the material is reduced to a single monolayer. Motivated by this
recent discovery, we use density functional theory (DFT) calculations to quantitatively address the
superconducting properties of bulk and monolayer NbSe2. We demonstrate that NbSe2 is close to
a ferromagnetic instability, and analyze our results in the context of experimental measurements of
the spin susceptibility in NbSe2. We show how this magnetic instability, which is pronounced in
a single monolayer, can enable sizeable singlet-triplet mixing of the superconducting order param-
eter, contrary to contemporary considerations of the pairing symmetry in monolayer NbSe2, and
discuss approaches as to how this degree of mixing can be addressed quantitatively within our DFT
framework. Our calculations also enable a quantitative description of the large anisotropy of the
superconducting critical field, using DFT calculations of monolayer NbSe2 in the normal state.
I. INTRODUCTION
The transition metal dichalcognides (TMD) exhibit an
astonishing variety of phenomena and phase transitions,
which includes charge-density waves (CDW) [1], super-
conductivity [2], and magnetism [3]. Bulk 2H-NbSe2,
which is one of the canonical transition metal dichalco-
genides, exhibits a rich phase diagram, which includes
a superconducting and a CDW phase [1]. Superconduc-
tivity in bulk NbSe2 has been studied extensively both
experimentally [2, 4–6] and theoretically [7, 8], and the
superconducting transition temperature, Tc, has been ex-
perimentally identified as ∼ 7 K [5]. While coupling be-
tween the superconducting and CDW order parameters is
certainly possible, it was found to be weak in NbSe2: the
superconducting phase remains robust while the CDW
phase collapses as a function of increasing pressure [1].
Since NbSe2 is also a layered van der Waals material,
this has inspired several studies of superconductivity in
monolayer NbSe2 [9–12] and several intriguing proposals
that seek to exploit proximity induced effects at inter-
faces between monolayer NbSe2 and magnetic materials
[13–16].
Monolayer NbSe2, unlike the bulk structure, lacks in-
version symmetry, which leads to a large spin-orbit (SO)
splitting of the states at the K, and its inversion part-
ner, K′, points [17] (there is an additional Fermi surface
with states around Γ, which we will also discuss later in
this study). The magnitude of the SO-splitting is larger
than the superconducting order parameter. The zero-
magnetic field Tc of monolayer NbSe2 is ∼ 3 K, [9, 10],
which is lower than the bulk Tc. The combination of SO-
coupling and broken inversion symmetry locks the pseu-
dospins near K and K′ to be parallel to the c-axis of the
monolayer. Due to time-reversal symmetry, pseudospins
at the K and K′ points are antiparallel, and their energies
are degenerate. Hence, the Cooper pairs that form com-
pletely break their rotational invariance in spin space.
This leads to a novel phenomenon, aptly named Ising
superconductivity. One key consequence of this unique
pairing is that the superconducting phase survives in the
presence of in-plane magnetic fields that considerably ex-
ceeds the Pauli limit [9, 10].
Thus far, theoretical analyses of the superconducting
pairing mechanism in monolayer NbSe2 [18, 19] have re-
lied on model descriptions of superconductivity in mate-
rials that lack inversion symmetry [20–22], loosely based
on the band structure calculated from first principles[19]
However, a quantitative description of superconductivity
in monolayer is lacking. There is also a lack of consistency
between first-principles descriptions of superconductivity
in bulk NbSe2 and experimental results. State-of-the-art
first-principles calculations that are usually very accurate
for superconductors where the pairing is entirely due to
electron-phonon coupling, overestimate Tc in bulk NbSe2
and isostructural NbS2 [23, 24] by a factor of ∼ 3 and the
zero-temperature gap by a factor of ∼ 4. Furthermore,
experimental measurements of the spin susceptibility, χs,
in bulk NbSe2 [25] find a χs ∼ 3×10−4 emu/mole, which,
as we will show later, considerably exceeds the bare bulk
2Pauli susceptibility, χ0.
Two plausible mechanisms that can be invoked to ex-
plain this discrepancy between theory and experiment are
the potential role of strong electron-electron interactions
and strong spin fluctuations. In Ref. 24, the authors sug-
gested the overestimation of Tc in their first-principles
calculations can be corrected by accounting for a reduc-
tion in the effective mass induced by electron-electron in-
teractions, which they described within the GW approxi-
mation. However, reducing the effective mass by a factor
of (m∗/m) reduces the density of states (DOS) by a factor
of (m∗/m) and increases the magnitude of the electron-
phonon matrix element by a factor of (m∗/m). Indeed,
the DOS is proportional to the one-electron Green func-
tion and the electron-phonon matrix element is propor-
tional to the derivative of the inverse Green function.
Since the electron-phonon coupling constant depends lin-
early on the DOS and quadratically on the matrix ele-
ment, reducing the effective mass increases the strength
of the electron-phonon coupling. Hence, strong electron-
electron interaction effects alone do not provide a solution
to this discrepancy.
The latter mechanism, which is the role of strong
spin fluctuations in NbSe2, has thus far remained unad-
dressed. Fluctuations in the magnetic moment and mag-
netic order have been shown to be a source of pairing, or
pair-breaking, of Cooper pairs in a number of other ma-
terials [26, 27]. Furthermore, strong spin fluctuations can
also lead to a sizeable Stoner renormalization of χ0. To
our knowledge, all theoretical studies of bulk and mono-
layer NbSe2 at their equilibrium lattice parameters have
found the material to be non-magnetic. However, calcu-
lations of monolayer NbSe2 subject to tensile strain ex-
ceeding 2% have predicted a ferromagnetic ground state
[28].
This seeming lack of consistency between the various
theoretical and experimental results on bulk NbSe2 re-
ported in the literature indicates there is still a need
to explore the fundamental properties of NbSe2. For
example, if spin fluctuations are operative in NbSe2 it
is unclear how this may impact arguably the most in-
teresting aspect of Ising superconductivity in monolayer
NbSe2, which is the possibility of a singlet-triplet mixed
state. While Ising superconductivity is well understood
at the phenomenological level, it has never been described
on a quantitative level using first-principles calculations.
This also precludes a quantitative description of Ising su-
perconductivity, which has been observed in monolayers
of several other transition metal dichalcogenides beyond
NbSe2. [10, 29].
In this paper we will demonstrate that, indeed, bulk
and especially monolayer NbSe2 are close to a magnetic
instability. We will “translate” the existing model theory
that has been developed to analyze superconductivity in
materials that lack inversion symmetry and bands split
by SO-interaction [30], such as monolayer NbSe2, into
DFT parlance, which allows us to develop a quantitative
theory of the critical field anisotropy in this material. We
x
y
x
z
(a) (b)
Nb
Se
FIG. 1. (a) Crystal structure of bulk NbSe2 illustrating the
(a) top view and (b) side view of the structure. The x, y and
z axes denote the cartesian axes
use nonrelativistic and relativistic fixed-spin moment cal-
culations to determine the spin susceptibility of bulk and
monolayer NbSe2. Finally, we will use the insights ob-
tained from our calculations to discuss possible ramifica-
tions on the superconducting order parameter in NbSe2,
in particular, the factors that control the scale of the
triplet admixture to the order parameter.
II. RESULTS AND DISCUSSION
A. Electronic structure
The bulk unit cell of 2H-NbSe2 consists of two mono-
layers of NbSe2 (Fig.1(a)) where in a single monolayer
the Nb atoms are in a trigonal prismatic coordination
with the Se atoms. The Nb atoms in one of the mono-
layers are vertically above the Se atoms of the second
monolayer (cf. Fig. 1(b)), which leads to a center of in-
version that is between the two monolayers of the unit
cell. The calculated bulk lattice constants, a=3.449 A˚ ,
and c=12.550 A˚, are in agreement with experimental re-
ports of the lattice constants of bulk NbSe2 [31].
The trigonal crystal field splits the 4d-states of Nb4+
into three different groups: dz2 , [dx2−y2 , dxy] and
[dxz,dyz]. The bulk band structure of NbSe2, which has
been studied extensively [32, 33], has three bands that
cross the Fermi level. Two of the bands are derived
from Nb d-states and the third band is derived from
Se pz states. Spin-orbit interaction leads to a mixing
of the Se p and Nb d-states along the Γ-K-M path of
the Brillouin zone, but does not lead to SO-splitting.
The density of states at the Fermi level, N(EF ) is 2.7
states/eV ·cell, which leads to a bulk Pauli susceptibility,
χ0 = 0.87×10−4 emu/mole, which is a factor of ∼ 3.5
lower than the experimentally reported spin susceptibil-
ity of bulk NbSe2 [25], which suggests spin fluctuations
are operative in NbSe2.
For the case of the monolayer, there is one band that
crosses the Fermi level several times, leading to three
Fermi contours, one contour around the Γ-point and two
contours around K and K′ (these are related by inversion
symmetry). At Γ, the band character is Nb dz2 , with a
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FIG. 2. (a) Band structure of monolayer of NbSe2. The color
along each band denotes the relative Nb dz2 , dx2−y2 and dxy
character along the high-symmetry path, according the color
bar above the plot. (b) Cross section of the Fermi surface of
monolayer NbSe2. Red denotes bands that have pure mz=1
character while blue denotes bands that have pure mz=−1
character. (c) Density of states of monolayer NbSe2. All of
the calculations include SO-coupling.
minor admixture of Se pz. As the band progresses toward
K or K′, this leads to a larger admixture of Nb dx2−y2 and
dxy orbitals in addition to a minor contribution of Se pxy
states. The states at the K and K′ contours are comprised
entirely of Nb [dx2−y2 , dxy] states. In the absence of SO-
interaction, this band is spin-degenerate. When we allow
for SO-interaction, the lack of a center of inversion in the
monolayer leads to SO-splitting everywhere except along
the Γ-M line (cf. Fig .2(a)).
To understand why the pseudospin state does not have
an in-plane component and why the splitting is small
near Γ, it is instructive to rationalize this splitting from
the band structure point of view. If we neglect the minor
admixture of Se p-states to the bands that cross the Fermi
level in monolayer NbSe2, a state at a given wave vector
k can be defined as follows:
|φ〉 = η ∣∣dx2−y2〉+ β |dxy〉+ γ |dz2〉 , (1)
where η2 + β2 + γ2 = 1. Note that dz2 corresponds to
|l,m〉 = |2, 0〉 , dx2−y2 to (|2, 2〉+ |2,−2〉)
√
2, and dxy to
(|2, 2〉 − |2,−2〉)/i√2. Accounting for spin, the Hamilto-
nian at each k point is a (2 × 2) matrix, and, by virtue
of the z/ − z mirror symmetry, does not include contri-
butions from the |2,±1〉 orbitals. Thus, the nondiagonal
matrix elements L± are zero. However, it is easy to show
that the diagonal element Lz = 2(η Imβ − β Im η). One
phase can always be selected as real, for instance, η, then
Lz = 2η Imβ.
In the centrosymmetric bulk 2H-NbSe2, β can also
be chosen to be real, and there is no SO-induced spin-
splitting (but there is splitting due to doubling of the unit
cell). In the monolayer, β is complex everywhere except
the Γ−M direction, and therefore the diagonal elements
of this (2 × 2) matrix have opposite signs, ±λη Imβ,
where λ measures the strength of the SO-coupling. Con-
sequently, the splitting is small around the Γ pocket (the
maximum splitting at this Fermi-surface is ∼70 meV,
which occurs where it intersects with the Γ−K and Γ−K′
lines), where |γ2| ≫ |ηβ|, but sizeable (∼ 150 meV) on
the K and K′ contours, where |γ2| ≪ |ηβ|. Due to the ab-
sence of nondiagonal coupling, the pseudospin-split states
are also pure Sz = ± 12 spin states and the direction of
the pseudospin flips between the K and K′ valleys as illus-
trated in Fig. 2(b). As we will discuss later, pseudospin
states are no longer pure Sz states when an external in-
plane magnetic field is applied.
B. Magnetism without spin-orbit coupling
To quantitatively address the role of spin fluctuations
we calculate the spin susceptibility, χ, by considering the
effect that a uniform external magnetic field, H , has on
the magnetic moment, m, in NbSe2, via the Zeeman in-
teraction, where χ = ∂m/∂H . In practice, one way to ap-
ply a magnetic field within a first-principles calculation,
is to apply a constraint on the magnetization and com-
pute the total energy, E, as a function of the magnetic
moment, m. This “fixed-spin moment” (FSM) approach
allows us to define χ as χ = (∂2E/∂m2)−1. Similarly,
relativistic FSM calculations that include SO-interaction
let us determine the change in total energy and in turn
χ for directions parallel to the c-axis (〈001〉) and perpen-
dicular to the c-axis (〈100〉) of NbSe2.
The non-relativistic and relativistic (along 〈001〉 and
〈100〉) FSM calculations result in the same qualitative
trends; the total energy increases monotonically with re-
spect to the total energy of the non-magnetic state as a
function of increasing magnetic moment. As an example,
we illustrate the results of our non-relativistic FSM cal-
culations for bulk and monolayer NbSe2 in Fig. 3. If we
express the expansion of the DFT total energy as
E(m) = a0 + a1m
2 + a2m
4 + a3m
6 + a4m
8 + . . . (2)
we can determine the static spin-susceptibility, χ, for low
values of m by using the coefficient a1 obtained by fitting
the data in Fig. 3 to Eq. 2. The results are summarized
in Table I.
Based on our FSM calculations, we can draw the fol-
lowing conclusions. First, DFT repoduces the exper-
imentally observed bulk susceptibility reasonably well,
only slightly overestimating it compared to the experi-
mental value. This overestimation in the calculated value
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FIG. 3. (a) Change in total energy of bulk () and monolayer
(◦) NbSe2 with respect to the non-magnetic state as a function
of magnetic moment obtained from non-relativistic fixed-spin
moment calculations. The grey solid lines are a fit to Eq. 2
Spin susceptibility Bulk Monolayer
[10−4 emu/mole]
Nonrelativistic 4.28 6.81
〈001〉 4.20 7.29
〈100〉 4.23 7.40
Experiment ∼3 N/A
TABLE I. Spin susceptibility of the bulk and monolayer struc-
tures obtained from nonrelativistic and relativistic calcula-
tions with the spin quantization axis parallel to the c-axis,
〈001〉, and the spin quantization axis along the x direction,
〈100〉. The calculated susceptibility along 〈100〉, 〈010〉, and
〈110〉 are equivalent. The experimental value of χ is for a
magnetic field applied parallel to the c-axis (〈001〉) is obtained
from Ref. 25
of χ is known to occur in itinerant metals close to a mag-
netic instability, and is due to a fluctuational reduction of
the mean-field DFT moment[34, 35]. Applying Moriya’s
theory [34] to NbSe2, we can estimate the average mag-
nitude of spin fluctuations as χ ∼ 0.28 µB. To put this
into context, the average magnitude of spin fluctuations
in palladium (Pd), a known superparamagnet (which at
some point was considered a candidate for triplet super-
conductivity [27]) was calculated (in LDA, as opposed to
our GGA calculation) to be χ ∼ 0.15 µB [35].
This is also consistent with our disordered local mo-
ment calculations (DLM), where the energy cost of cre-
ating a local spin fluctuation with an amplitude of ∼ 0.2
µB is nearly twice higher in Pd then in NbSe2. This does
not mean that NbSe2 is closer to ferromagnetism com-
pared to Pd. The molar spin susceptibility of NbSe2 is
a factor of two lower compared to Pd. However, it does
mean spin fluctuations in NbSe2 are soft over a large
part of the Brillouin zone. Furthermore, it is impor-
tant to note the susceptibility of the monolayer structure
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FIG. 4. q-dependent Stoner renormalization factor of bulk
NbSe2, obtained from disordered local moment calculations.
is ∼50% larger than that of the bulk, which indicates
that spin fluctuations are stronger in a monolayer. In-
deed, this is consistent with monolayer NbSe2 having a
lower superconducting transition temperature compared
to bulk NbSe2 [9].
To verify that NbSe2 is indeed close to a ferromagnetic
instability, we also calculated the exchange coupling
between fluctuating moments within the DLM formal-
ism (the calculation details are similar to methods used
in Ref. [36]) for bulk NbSe2. The exchange coupling
is largely dominated by the nearest-neighbor coupling,
which we find to be ferromagnetic. In order to transform
the exchange interactions into reciprocal space, J0(q),
we have defined χRPA(q) = c0/[1 − c0J0(q)], where c0
is a constant of the order of N(0). In Figure 4 we plot
the renormalization factor 1/[1− c0J(q)], using c0 = 5.3
eV−1, which was chosen so as to have the renormalization
at q = 0 be approximately consistent with a renormal-
ization factor of 3.3. The peak near q = 0 in Figure
4 indicates that the system is close to a ferromagnetic
instability.
C. Magnetism with spin-orbit coupling
Having demonstrated that bulk and monolayer NbSe2
are indeed close to a ferromagnetic instability, we now fo-
cus on the effect of SO-coupling, and specifically on the
response to an external magnetic field applied parallel to
the c-axis and perpendicular to the c-axis. First, it is
evident the values of χ reported in Table I from our rel-
ativistic calculations are isotropic along 〈001〉 and 〈100〉,
within a few percent, for both the bulk and monolayer
structures, as opposed to the susceptibility in the super-
conducting state.
To understand this, let us analyze how the bands that
cross the Fermi level evolve as a function of the mag-
nitude and direction of an applied magnetic field. In
the absence of SO-interaction, the states at Γ, K and K′
are degenerate. The Zeeman interaction, regardless of
5the direction of the field, splits the bands by approxi-
mately the same magnitude, ±H, where H is the Stoner-
enhanced external field (we have absorbed the Bohr mag-
neton in the units of H). Indeed, in our calculations, the
splitting at Γ, K and K′ increases linearly and by ap-
proximately the same amount as a function of increasing
magnetic moment. The magnitude of the Fermi surface
splitting in reciprocal space is δkF (k) =2H/vF (k). The
area between the spin-split contours will determine the
total magnetization for a given magnitude of the mag-
netic field, and will be 2N↑H = N↑↓H, where N↑ is the
total number of states with pseudospins along zˆ and N↑↓
is the total number of states with pseudospins along zˆ
and −zˆ.
We now define the following generic Hamiltonian with
SO-interaction for a given point on the Fermi surface
of monolayer NbSe2 subject to an external magnetic
field Hz along zˆ (parallel to the c-axis), where the spin-
quantization axis is along zˆ.
H(k) =
(
εk ± λk +Hz 0
0 εk ∓ λk −Hz
)
(3)
Based on Eq. 1, λk = ληk Imβk, and the matrix is in the
Sz spin space. Inversion in the momentum space changes
the upper sign to the lower sign for±λ and∓λ. The split-
ting between the Fermi contours for a given pseudospin
along +zˆ will increase by approximately the same magni-
tude as the Fermi contours of the majority spin channel
in the case of the nonrelativistic calculations. The split-
ting of the Fermi contours for pseudospins along −zˆ will
decrease by the same magnitude. For instance, if the
Fermi contour splitting around K increases by 2Hz, the
splitting around K′ will decrease by the same amount.
Hence, the total magnetization that is induced in terms
of the population of pseudospins, to lowest order in λ, will
be exactly the same as determined by our nonrelativistic
calculations.
In the relativistic DFT calculations, a pseudospin state
is formally a combination of both spins, so we introduce
an effective g factor, which describes the difference be-
tween the pure spin susceptibility and the “pseudospin”
susceptibility. For a magnetic field along zˆ, the g factor is
exactly 2, so we expect χ along 〈001〉 to be very similar
to χ obtained from nonrelativistic calculations – which
is consistent with our calculations in Table I. The split-
ting of the states at Γ, K and K′ for magnetic moments
along zˆ is illustrated in Fig. 5(a) and they indeed change
linearly with respect to the magnetic moment.
For an in-plane magnetic field along xˆ (perpendicu-
lar to the c-axis), Hx, the Zeeman interaction, SxHx =
(S+ + S−)Hx/2, couples to the off-diagonal components
of the spin-orbit Hamiltonian as follows:
H(k) =
(
εk ± λk ±Hx/2
∓Hx/2 εk ∓ λk
)
.
To linear order in Hx, the splitting between the Fermi
contours at K and K′ will not change. However, the
−0
−

	





 fffi flffi  !"# $%&
∆
E
 (
e
V
)
m 'µ
B
)
( *+,- ./1 2345 678
9 :µ
;
<
=> ?@
AK
CDE
FGH
IJ
LMN OPQR]
STU VWXYZ
FIG. 5. Splitting at Γ (◦), K () and K′ (△) obtained with
relativistic calculations as a function of the magnetic mo-
ment on Nb for magnetic moments (a) parallel to the c-axis,
〈001〉 and (b) perpendicular to the c axis, 〈100〉 for monolayer
NbSe2. The magnitude of the splitting for magnetic moments
along 〈010〉 are similar to the results along 〈100〉 illustrated
in (b).
wave functions change, and thus the effective g-factor will
deviate linearly from 2. For example, applying standard
perturbation theory to the pseudospin |+〉 states, gives:
|+〉 = |↑〉 ± Hx/2
2λk
|↓〉〈
+|σ+ + σ−
2
|−
〉
= ±Hx/2
λk
(4)
Pseudospin |−〉 states will acquire the opposite mag-
netization, and their g factor will be reduced by the
same amount. We now observe that the total pseudo-
moment around the K point will be proportional to
the area between the split concentric Fermi contours,
±NKλK , where NK , is the density of states for this con-
tour at K and λK is the average splitting at this contour.
Around the K′ contour, the area between the split con-
centric Fermi contours is ∓NKλK , and this total pseudo-
moment does not depend on Hx. Multiplying it by the
difference in the g factors of Eq. 4, which deviate from 2
by the same amount, but in the opposite directions, we
get a spin susceptibilty of χ〈100〉 ≈ Ntot = χPauli, where
Ntot is the total density of states. Thus, no anisotropy in
the spin susceptibility appears in the lowest order of the
SO-coupling. DFT calculations fully conform with this
description: the splitting of the one-electron energies at
K and K′ is quadratic with respect to magnetic moments
oriented along xˆ (cf. Fig. 5(b)).
Within our considerations of the Zeeman interaction,
H is the total magnetic field, which includes the Stoner
renormalization. Within DFT, the RPA approximation
is exact, since one can write the total DFT exchange-
correlation energy, Exc, in an external magnetic field
as[37, 38]:
Exc =
m2
4
(
1
N↑
− I), (5)
where I = δ2Exc/dm
2 is the DFT Stoner factor, which in
the DFT language combines the diagonal (Hubbard U)
6and off-diagonal (Hund’s J) interactions. Indeed,
χDFT = χ0/(1− χ0I)
H = Hext/(1− χ0I)
(6)
where χ0 is the bare Pauli susceptibility.
D. Magnetism and superconductivity
Within this framework, it is especially easy to address
the effect of superconductivity on the spin susceptibility.
Indeed, the opening of the superconducting gap, ∆, only
affects states that are close to the Fermi surface. Since
the spin susceptibility parallel to the c-axis, χ〈001〉, is de-
termined entirely by the shift of the Fermi contours as a
function of an increasing magnetic field (Fig. 5(a)), the
spin susceptibility is suppressed by superconductivity in
exactly the same way as without SO-coupling. In con-
trast, the spin susceptibility perpendicular to the c-axis,
χ〈100〉, as we just saw, is defined by the states removed
from the Fermi level by ∼ λk ≫ ∆, and as a result is not
affected by ∆. Thus, the thermodynamic critical field,
HC0, which is determined by the free energies in the nor-
mal and superconducting state as
Fn − Fs ∼ ∆2N↑↓(0)/2 = (χn − χs)H2C0/2 (7)
behaves conventionally for magnetic fields parallel to the
c-axis, but is essentially infinite for magnetic fields per-
pendicular to the c-axis.
However, if one examines the SO-splitting for the
Fermi contour around the Γ-point, we find that it is nodal
along the Γ-M and the Γ-M′ line, which makesHC0 finite,
but, greatly enhanced for magnetic fields perpendicular
to the c-axis. Figure 2(b), illustrates the calculated split-
ting due to SO-coupling along the Γ contour is finite and
has nodes along all Γ− M and Γ−M′ directions. The
magnitude of this splitting is low, but, along the antin-
odal line Γ−K, the maximum splitting is still larger than
the superconducting gap. In the Appendix (Sec. C), we
will derive an analytical expression, which generalizes the
considerations presented above onto a SO-coupled nodal
case of the Γ-centered Fermi contour.
E. Singlet and triplet superconductivity: DFT
point of view
We now use the above considerations to determine the
symmetry of possible pairing interactions. The fact that
NbSe2 lacks inversion symmetry formally allows for par-
ity mixing, but it has been argued [12] that the triplet
component must be vanishingly small. As we will dis-
cuss below, this is not necessarily true. Strong spin-
fluctuations, which we have demonstrated to be operative
in NbSe2, and/or a particular structure of the electron-
phonon coupling have the ability to generate a sizeable
triplet component.
kx [x
\y^y
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FIG. 6. Schematic illustration of the inner and outer contours
of the Fermi surface around the K and K′ points that cross
the Fermi level (cf. Fig 2(b)). Solid circles represent pseu-
dospin |↑〉 states and dotted circles represent pseudospin |↓〉
states. The possible pairing interactions due to phonons or
spin fluctuations between the pseudospin states are denoted
with red dotted arrows. The relative signs of these interac-
tions are summarized in Table II. Subscript o refers to the
outer contour and the subscript i refers to the inner contour
at a given valley.
In the spirit of band theory, we consider the one-
electron Hamiltonian to be fully diagonalized before we
consider superconducting pairing. First, we only con-
sider the K and K′ contours. The Cooper pairs at these
contours are comprised of states that reside on either
the inner or outer contours at K and K′. We assume
that the outer contour around K has spin-up, and the
inner contour has spin-down states, which we denote as
[|K, o, ↑〉,|K, i, ↓〉] The contours at K′ are degenerate in
energy with the contours at K (the states at K and K′
are related by time-reversal symmetry) and is given by
[|K ′, o, ↓〉,|K ′, i, ↑〉]. No other combinations are allowed.
Schematically, these four contours can be represented as
two pairs of concentric rings as depicted in Fig. 6. In this
basis, the anomalous averages that appear in the problem
are
do,k = |K, o, ↑〉 |K ′, o, ↓〉
di,k = −|K, i, ↓〉 |K ′, i, ↑〉
(8)
Notice that we introduced a minus sign in Eq. 8 for
di,k, this is to ensure that a usual spin-singlet state is
given by di,k = do,k and that the interactions we discuss
later reduce to the usual interactions when no spin-orbit
coupling is included. While one has the freedom to de-
fine the relative phase between the superconducting or-
der parameters at different momenta, it is rarely used
and appreciated. However, in some cases it is important
to distinguish between the relative phase to ensure the
pairing interactions lead to meaningful physical observ-
able quantities [39].
Since a singlet pair is defined as (|↑↓〉 − |↓↑〉)/√2 and
the triplet pair is defined as (|↑↓〉 + |↓↑〉)/√2, the or-
der parameter on the outer contour, ∆o, derived from
the anomalous average do, is ∆o = (∆S + ∆T )/
√
2,
7while the order parameter on the inner contour, ∆i, is
∆i = (∆S −∆T )/
√
2. Within this definition, ∆S , is the
order parameter for a singlet pair and ∆T is the order pa-
rameter for a triplet pair. This picture implies four types
of pairing interactions, which corresponds to the follow-
ing scattering processes of Cooper pairs: do ⇐⇒ do,
di ⇐⇒ di, do ⇐⇒ di, di ⇐⇒ do. If ∆o = ∆i, then in
most (albeit not necessarily all) experiments the triplet
component cancels out. For example, such a situation
can arise following the considerations of Shaffer et al.
[12] where they take the intraband scattering within the
same valley, do,K ⇐⇒ do,K or di,K ⇐⇒ di,K to be the
same (denoted as g2 in Ref. [12]), which differs from their
consideration of intraband scattering between the K and
K′ valley, do,K ⇐⇒ di,K′ , di,K ⇐⇒ do,K′ (denoted as g3
in Ref. [12]).
If the pairing is due to phonons, then the matrix el-
ement for intraband pairing interactions, gpoo (or g
p
ii), is
defined as,
〈do,k|v|do,p〉 = 〈k, o, ↑| 〈−k, o, ↓| v |p, o, ↑〉 |−p, o, ↓〉
= 〈k, o, ↑| g |p, o, ↑〉 〈−k, o, ↓| g |−p, o, ↓〉
= gpoo (9)
where the phonon Green function is included in g, The
nondiagonal electron-phonon matrix element that cou-
ples the outer and inner contours, gpoi is defined as,
〈do,k|v|di,p〉 = 〈k, o, ↑| 〈−k, o, ↓| v |p, i, ↓〉 |−p, i, ↑〉
= 〈k, o, ↑| g |−p, i, ↑〉 〈−k, o, ↓| g |p, o, ↓〉
= gpoi (10)
Since scattering by phonons does not flip spin,
electron-phonon coupling is only relevant for |K, ν〉 ⇐⇒
|K, ν′〉 scattering if ν = ν′ or for |K, ν〉 ⇐⇒ |K ′, ν′〉 if
ν 6= ν′. The indices ν and ν′ can be either o or i to
denote a state on an outer (o) or inner (i) contour.
On the other hand, ferromagnetic spin-fluctuations,
even though they can only couple states withing the same
valley, can work within both the inter- and intraband
channels. To determine the relative sign and strength
of these interactions, we define the amplitude of a spin
fluctuation as S, and to a reasonable approximation their
correlators can be assumed to be spin-rotationally invari-
ant:
〈
SzkS
z
p
〉
=
〈
SxkS
x
p
〉
=
〈
SykS
y
p
〉
=
〈
S+k S
−
p
〉
/2, leading
to an isotropic spin susceptibility, χ. Within this defini-
tion, we can now describe the interaction of an electronic
state that crosses the Fermi level with a fluctuating spin
moment as σ · S = σzSz+(σ+S−+σ−S+)/2. Hence, just
as we did for the intraband electron-phonon interaction
(Eq. 9), we can write down the following expression for
the intraband interaction due to spin fluctuations, gsoo (or
gsii):
〈do,k| 〈S⊗ S〉 |do,p〉 = 〈k, o, ↑|σzSz |p, o, ↑〉
× 〈−k, o, ↓|σzSz |−p, o, ↓〉
gsoo = −
1
4
〈k, o|p, o〉χ(k− p) (11)
Pair gp gs
|K, o〉,|K, o〉 gpoo>0 g
s
oo<0
|K, i〉,|K, i〉 gpii>0 g
s
ii<0
|K, o〉,|K′, o〉 0 ≈ 0
|K, i〉,|K′, i〉 0 ≈ 0
|K, o〉,|K, i〉 0 gsoi<0
|K, o〉,|K′, i〉 gpoi>0 ≈0
TABLE II. Sign of the pairing interaction that involves either
phonons, gp, or ferromagnetic spin fluctuations, gs, between
two states on the outer and/or inner contour at K and K′.
The states involved in pairing are denoted as |k, ν〉 where k
is a state either at K or K′, ν can take on an index o or i to
denote a state on the outer (o) or inner (i). The pseudospin
(↑ or ↓) associated with states on each contour is depicted
schematically in Figure 6. Attractive pairing interactions are
positive and repulsive interactions are negative.
Note that the sign of gsoo is negative, indicating intraband
spin-fluctuation mediated interactions are repulsive, as
would occur in a singlet channel. We also define an ex-
pression for spin-fluctuation mediated interactions that
couple the outer and inner contours, gsoi, as
〈do,k| 〈S⊗ S〉 |di,p〉 = −[〈k, o, ↑|σ+S− |p, i, ↓〉
× 〈−k, o, ↓|σ−S+ |−p, i, ↑〉]/4
gsoi = −
1
2
〈k, o|p, i〉χ(k− p) (12)
where the minus sign in this matrix element appears be-
cause of our phase convention for ∆i. Notice the prefac-
tor gsoi, is a factor of two larger than g
s
oo.
Hence, intraband and interband interactions around a
fixed valley (K or K′) have the same sign as expected for
singlet pairs. However, they also have distinct prefac-
tors, which is as if the standard singlet rotational factor
of 3 has distributed itself in a ratio of 2:1 between the in-
terband and intraband contributions within the SO-split
bands. This combination of pairing interactions due to
phonons and spin fluctuations is summarized in Table
II. We have provided an alternative and more complete
derivation of these interactions in Appendix B.
The line of reasoning that leads to ∆o = ∆i, is based on
the fact that the bands in question are two-dimensional
and nearly parabolic, so their DOS is essentially the same
(which DFT calculations confirm), while the direction
of the spins is anti-aligned. If the strength of the pair-
ing interaction is similar, this hypothesis of ∆o = ∆i is
confirmed, and the net superconducting order parame-
ter exhibits a singlet character (see also Appendix B).
However, does the strength of the pairing interaction re-
ally have to be similar on the outer and inner contours,
keeping in mind that, while the difference in the DOS is
vanishingly small, the kF splitting is definitely not negli-
gible in NbSe2 (and, as a side note, even larger in another
candidate Ising superconductor, TaS2[10]?
8First, we discuss intraband interactions. They have
a pairing component due to phonons that is determined
by the Eliashberg function, α2F (q, ω), which will have
a characteristic momentum, q, and energy, ω, depen-
dence, and a pair-breaking component due to ferromag-
netic spin fluctuations, which is determined by the q-
dependent spin susceptibility, χ(q, ω). The q-dependent
spin susceptibility is sharply peaked at q ∼ 0 (Fig. 4).
The q-dependence of the electron-phonon coupling likely
has a non-negligible q-dependence as well.
If the intraband interaction due to phonons is the same
for states on the outer and inner contours, gpoo = g
p
ii (an
approximation adopted within Ref. [12]), then the ratio
of the superconducting gap values, |∆o|/|∆i|, is inversely
proportional to the square root of the ratio of the density
of states [40] of the outer and inner contour,
√
No/Ni,
which is, as we know, essentially 1. The phase, however,
depends on the net sign of the interaction: if |gpoi| >
|gsoi|, the phase is the same, and the net order parameter
is essentially singlet. However, if |gpoi| < |gsoi|, which is
feasible, the order parameter is net-triplet.
Let us now discuss the potential for parity mixing due
to a given structure of the intraband coupling. We as-
sume that the net intraband interaction due to electron-
phonon, gp(q), and spin-fluctuation mediated interac-
tions, gs(q), is peaked at small q. To be specific, we
take this net interaction to have a Lorentzian dependence
on q (it may as well have a sharp minimum at q=0, or
have some other comparable structure within momentum
space):
g(q = k− k′) ∝ ξ2/(q2 + ξ2) (13)
The net intraband coupling constants, goo and gii, can
be obtained by averaging Eq. 13 over all k and k′ on
a circular Fermi contour with a radius kF . If we now
consider how g(q) changes if kF changes by δkF , where
δkF is the SO-coupling induced splitting of the Fermi
contours, we find:
gii − goo
gii + goo
=
δkF /kF
1 + (ξ/2kF )2
, (14)
Unlike the DOS, which for a parabolic two-dimensional
band does not depend on kF , this expression for the
net pairing interaction due to intraband interactions de-
pends linearly on δkF and thus on the magnitude of the
SO-coupling. If ξ ≫ 2kF , it vanishes, but if ξ ∼ 2kF ,
it leads to a non-negligible correction. Note that in
NbSe2 δkF /kF ∼ 1/3, and in TaS2 δkF /kF ∼ 1/2!
While momentum-resolved calculations of the electron-
phonon coupling in monolayer NbSe2 are underway [41],
the qualitative considerations we have presented above
challenges the current notion that the superconducting
order parameter in monolayer NbSe2 is purely singlet,
and demonstrates the order parameter can indeed host a
measurable admixture of triplet character.
Finally, while this is not the main subject of our paper,
we briefly comment on the ramifications and plausible
experimental probes of the singlet-triplet mixing of the
order parameter of monolayer NbSe2. Indeed, a num-
ber of recent studies have alluded to the possibility of
singlet-triplet mixing of the order parameter in mono-
layer NbSe2 [11, 15, 18] by invoking extrinsic mechanisms
such as impurities and strain. The discussion we have
presented above suggests this parity mixing of the or-
der parameter can have an intrinsic origin depending on
the interplay between momentum-dependent phonon and
spin-fluctuation induced couplings. Experiments that at-
tempt to elucidate this parity mixing need to access the
parity-dependent coherence factors. One possibility is
quasiparticle interference, where the main challenge is to
separate the intraband (o−o and i−i) scattering from the
interband scattering processes. Magneto-optical spec-
troscopy using microwaves in the deep infrared region
of the spectrum is another potential experimental probe.
Finally, in the spirit of Ref. [18], one expects that impuri-
ties may affect superconductivity differently, depending
on the parity. All of these probes require quantitative
theories, that are beyond the scope of this present paper.
Our primary goal was to demonstrate that mixed parity
Ising superconductivity is possible in the transition metal
dichalcogenides, and we hope this will encourage further
theoretical and experimental research into its manifesta-
tion.
III. CONCLUSIONS
We have developed a formalism that adapts the model
theory for Ising superconductivity into first-principles
DFT calculations. We demonstrated that bulk and
monolayer NbSe2 are close to a magnetic instability, and
spin-fluctuation induced interactions cannot be neglected
when addressing superconductivity in NbSe2. Finally, we
outlined two parametrically admissible situations where
superconductivity in monolayer NbSe2 may be partially
triplet or even predominantly triplet without invoking
an external magnetic field or exchange bias, and point to
the need to reexamine the symmetry of the order param-
eter in monolayer NbSe2. This perspective on the role of
magnetism in monolayer NbSe2 will also be crucial to un-
derstand and control the superconducting properties of
monolayer NbSe2 in the presence of an external magnetic
field or with heterostructures between monolayer NbSe2
and magnetic materials.
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9Appendix A: Computational Methods
Our calculations are based on density functional the-
ory within the projector-augmented wave method [42] as
implemented in the VASP code [43, 44] using the gen-
eralized gradient approximation defined by the Perdew-
Burke-Ernzerhof (PBE) functional [45]. We found it is es-
sential that Nb 5s1, 4s2, 4p6, 4d4 electrons and Se 4s2, 4p4
electrons are treated as valence. All calculations use a
plane-wave energy cutoff of 400 eV. Total energy calcu-
lations were performed using a (28×28×1) Γ-centered k-
point grid for the monolayer structure and a (28×28×14)
k-point grid for the bulk structure. An energy conver-
gence threshold of 10−5 eV was used. The cell shape,
volume and atomic positions of the bulk structure were
optimized with the Grimme-D3 van der Waals correction
[46].
For the calculation of the exchange constants within
the disordered local moment (DLM) approximation [47].
We used the Korringa–Kohn–Rostokker method within
the atomic sphere approximation [48] and the Green
function-based magnetic-force theorem [49] The imple-
mentation of this technique has been described elsewhere
[50]. This technique can be considered to be a magnetic
analogue of the disordered alloys theory based on the co-
herent potential approximation. Calculations were per-
formed for 5 nearest neighbor coordination spheres for
three values of the fixed Nb moments, 0.15,µB, 0.25 µB,
and 0.35 µB. The resulting exchange constants changed
by less than 1% compared to the nearest neighbor ex-
change constants. Charge self-consistency was achieved
using 147 irreducible k-points in the Brillouin zone, and
then an extended set of k-points (2565) to compute the
exchange constants.
Appendix B: Singlet and Triplet Pairing Interactions
To provide an additional derivation of the interactions
in Sec. II E, it is useful to consider the contribution of
density (that is, electron-phonon) and spin interactions
to pairing on the K and K ′ Fermi surfaces. Here, we
write these interactions as
1
2
∑
q
ρ(q)nqn−q +
1
2
∑
i,q
Ji(q)Si,qSi,−q (B1)
where nq =
∑
k,s c
†
k+q/2,sck−q/2,s and Si,q =∑
q,s,s′ c
†
k+q/2,sσi,s,s′ck−q/2,s, and σi is a Pauli matrix.
For clarity, we have allowed the spin-interaction Ji(q)
to depend upon spin direction i, and will later impose
isotropy Ji(q) = J(q). Eq. B1 assumes interactions take
the same form as when inversion symmetry is present,
implying we only consider inversion symmetry breaking
through single particle interactions. Noting that for suf-
ficiently large Ising spin-orbit coupling, pairing will only
occur between states of opposite spin, the contribution
of the above interaction towards superconductivity can
be written as∑
k,k′
[
ρ(k − k′)− Jx(k + k′)− Jy(k + k′)− Jz(k − k′)
]
c†k,↑c
†
−k,↓c−k′,↓ck′,↑
(B2)
where we have used ρ(k) = ρ(−k) and Ji(k) = Ji(−k).
We now examine Cooper pairs formed from Fermions
near the K and K ′ points. To this end we define op-
erators
d†o(k) = c
†
K+δko,↑
c†K′−δko,↓ (B3)
d†i (k) = −c†K+δki,↓c
†
K′−δki,↑
(B4)
where δko (δki) denote a wavevector on the outer (inner)
Fermi pocket at the K point. Here we have introduced
the same sign convention for d†i as in Eq. 8 in the main
text. For these operators, we find intraband, gii and goo,
and interband, goi and gio, interactions due to electron-
phonon and spin can be defined as:
∑
k,k′
[
gii(k, k
′)d†i (k)di(k
′) + goo(k, k
′)d†o(k)do(k
′)
]
(B5)
∑
δk,δk′
[
gio(k, k
′)d†i (k)do(k
′) + goi(k, k
′)d†o(k)di(k
′)
]
(B6)
where
gii(k, k
′) =ρ(δki − δk′i)− J(δki − δk′i)
− 2J(Q+ δki + δk′i) (B7)
goo(k, k
′) =ρ(δko − δk′o)− J(δko − δk′o)
− 2J(Q+ δko + δk′o) (B8)
gio(k, k
′) = goi(k, k
′) = ρ(Q+ δki + δk
′
o)
− J(Q+ δki + δk′o)− 2J(δki − δk′o), (B9)
where Q = 2K and we have imposed spin-isotropy
Ji(k) = J(k). From this expression, and taking J(Q +
δk) ≈ 0, the coupling constants found in Table II can be
readily deduced.
It is instructive to consider the limit δki = δko → 0,
then, when J(Q) ≈ 0, gii = goo = −gp(0) + gs(0) and
gio = goi = −gp(Q) + 2gs(0) where the constants gp(0)
and gp(Q)are defined to be positive, corresponding to at-
tractive electron-phonon interactions, and gs(0) is neg-
ative corresponding to repulsive ferromagnetic interac-
tions. In this case, a pure singlet state corresponds to
the operator [di(k)+do(k)]/
√
2 for which the interaction
is
vs = −gp(0)− gp(Q)− 3gs(0). (B10)
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A pure triplet case corresponds to the operator [di(k) −
do(k)]/
√
2, for which the interaction is
vt = −gp(0) + gp(Q) + gs(0). (B11)
These expressions reveal how spin-fluctuations strongly
suppress the spin-singlet state and enhance the spin-
triplet state. Notice that once the spin fluctuations be-
come sufficiently strong, that is |gp(Q)| < 2|gs(0)|, the
triplet solution will have a higher Tc than the singlet so-
lution.
Appendix C: Critical field anisotropy for a nodal
Fermi surface
As we discuss in Sec. II D the third Fermi pocket,
around Γ, has zero SOC splitting along the Γ−M and
Γ−M′ directions. Here, we rederive the expression for the
spin susceptibility for this band topology that accounts
for the nodes along these directions.
Assuming that the SO-splitting varies angularly as
λ cos(3ϕ), we derive the the susceptibility, dm/dHx, for
an in-plane magnetic field applied along xˆ.
m =
H
2piλ
∫ 2pi
0
dϕ√
cos2 ϕ+ ζ2
(C1)
where λ is the maximal SOC splitting on this Fermi con-
tour and ζ = H/λ. This gives the same Pauli expression
as before, but with a logarithmic correction:
dm
dHx
= χPauli(1 +
3
4
ζ2 log ζ) (C2)
In the superconducting state, λ cos(3ϕ) is replaced by√
λ2 cos2(3ϕ) + ∆2, where ∆ is the average supercon-
ducting gap along the Γ contour and ζ defined above is
replaced with ζ =
√
∆2 +H2/λ. Then in the supercon-
ducting state
m =
1
2pi
∫ 2pi
0
Hdϕ√
λ2 cos2 ϕ+∆2 +H2
=
m
2piλ
∫ 2pi
0
dϕ√
cos2 ϕ+ ζ2
(C3)
Upon integration, we get a logarithmic correction to the
susceptibility in the superconducting state, namely
dm
dH
= χPauli(1 +
1
4
ζ20 log ζ0) (C4)
where ζ0 = ∆/λ. That is to say, the anisotropy of the
thermodynamic critical field is not infinite, but, roughly,∣∣∣∣ NΓ +NKNΓζ20 log ζ0
∣∣∣∣ , (C5)
where NΓ(K) is the DOS around the Γ contour and NK
is the total DOS around the K and K′ pockets. While
this factor is formally finite, it is a very large number of
the order of 103. It is evident, other factors that limit the
anisotropy of the critical field are more important.
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